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Abstract: In this paper, the effect of the tip mass on the sensitivity of flexural vibration modes of an AFM rectangu-lar cantilever has been studied and a characteristics equation for the AFM cantilever has been derived. Then, based on the characteristics equation, a closed form expression for the flexural modal sensitivity of the rectangular cantilever to the surface stiffness variations has been derived. Using numeri-cal experiments, the effect of various tip masses on the sen-sitivity has been investigated. The results show that for low stiffness materials, the sensitivity of AFM cantilevers with smaller tip masses is more than the cantilever with greater tip masses. While for the materials with high stiffness, the difference in sensitivities is not significant. However, for the cantilevers with bigger tip masses sensitivity is higher.
1. Introduction
The atomic force microscope has a significant ability of imag-ing surface topography of samples on an atomic scale. The dynamic behavior of the AFM greatly influences the surface imaging process. It has been shown that the interaction force between tip and sample has a different impact on the dynamic behavior of each vibration modes of the AFM [1]. Therefore, each mode shows different sensitivities to variations of sur-face stiffness. On the other hand, the sensitivity of the AFM cantilever can influence the image contrast [2]. To achieve a higher image contrast, it is desirable to use the frequency of the highest sensitive mode as an excitation frequency of AFM cantilever. Several studies have been carried out to study the modal sensitivity of AFM cantilever to surface stiffness vari-ations [1–7].
In [8], the effect of tip length and normal and lateral con-tact stiffness on the flexural vibration responses of AFM can-tilevers has been analyzed.
In [9] the effect of tip mass on AFM cantilever calibration and calculating spring constant has been carried out.In [7], the tip mass effect on the frequency response of AFM cantilever has been studied. 
However, the study of the effect of tip mass on the modal sensitivity of AFM has not been considered.		In [10,11], the tip mass effect on the frequency response and mode shapes of AFM cantilever has been studied. However, its effect on the modal sensitivity has been neglected.
Here, we study the impact of tip mass on the flexural sensitivity of a rectangular AFM cantilever to surface stiffness variations. For this purpose, we extend the modeling approach used in [12–14] by considering the tip mass effect in an AFM cantilever dynamic model. Based on this approach, a characteristics equation for modal flexural sensitivity of AFM is obtained. Then, using this characteristics equation, an expression for AFM cantilever modal sensitivity which includes the tip mass effect is obtained. Finally, using numerical experiments, the effect of the tip mass on the sensitivity of flexural vibration modes of an AFM cantilever is studied.
2. Analysis
A schematic of distributed parameter model for the AFM system is shown in Fig.1. 

Fig. 1  Schematics of distributed parameter model of the AFM system [15]. 

The governing equation of the AFM cantilever flexural vibration is:
    (1)
Where is the Young’s Modulus, is the area moment of inertia,is the density and  is the damping coefficient. 
The corresponding boundary conditions are:
                  (2)
Where:
 
                                                                                   (3)
Note that this equation governs the interaction force in the attractive regime using vander Waals model and in the repulsive regime according to a Derjaguin-Muller-Toporov (DMT) model. H is Hamacker constant, is distance between the fixed base frame coordinate to the sample. R is the tip radius and parameter is the interatomic distance [16]. is the effective elastic modulus calculated by:
                                        (4)
where Et and Es are the elastic moduli and  and are  the Poisson ratios of the tip and the sample, respectively.

The boundary conditions provided by van der Waals and DMT tip-sample forces model which are nonlinear. They are linearized using a binomial expansion. In this case, we consider that the system stays in a small enough neighborhood of the equilibrium set point u0, which can be adjusted by moving the sample relative to the cantilever mount [17].
By linearizing the interaction force around u0 we have:
                                                        (5)
Where the contact stiffness,is given by:
                                                   (6)
Considering equations (5) and (6), we have:
             (7)
Note that the sign of  depends on the regime of the interaction force. It is negative when the force is attractive and positive when the force is repulsive [17].
A general solution of Eqs (1) and (2) can be expressed as:
(8)
Where are constant coefficients, is the angular frequency andis the flexural wave number.
From the above equations, the characteristics equation is obtained as:
                                           (9)

The resonance frequencies are obtained as:
                                                            (10)
Defining  and the characteristics equation is converted to:

         (11)
Taking derivative with respect to gives:





                                                          (14)
Where:
                                                         (15)
Finally, the following expression is obtained as:
 (16)
Equation (16) can be expressed in normalized form as:
                                                       (17)
So, the corresponding dimensionless flexural sensitivities for each mode can be calculated.
3. Results and Discussion
In this section, we analyze the effect of tip mass on the modal sensitivity of the AFM cantilever to surface stiffness variations. We have assumed that the cantilever parameters are given as [18]:

  Figs.2-4 show the tip mass effect on the sensitivity of first three modes. 

Fig. 2 Normalized flexural sensitivities of mode 1 of rectangular AFM cantilever.






















Fig. 4 Normalized flexural sensitivities of mode 3 of rectangular AFM cantilever.

Figures 2, 3, and 4 show the tip mass effect on the sensitivity of first three modes. As it can be seen, for low value of stiffness (soft materials), the cantilever with smaller tip mass has larger sensitivity. In contrast, for higher values of surface stiffness (stiff materials), the sensitivities of the cantilever with different tip masses are close to each other but for the bigger tip masses, the sensitivity increases slightly. In addition, for higher eigenmodes and for soft materials, the effect of tip mass is more significant.
Note that in the figures, me is the nominal value of the tip mass, solid line represents mtip = 0, dotted line represents mtip = me , and dashed line is for mtip = 2me .
The numerical results of the effect of tip mass on frequency response of AFM cantilever with different surface stiffness have been given in Table 1.
From the obtained data, in any surface stiffness, increasing the tip mass leads to the decrease of resonance frequency.
In addition, for lower stiffness, the rate of the resonance frequency shift is low and also the effect of tip mass in the shift of resonance frequency is considerable (for lower tip mass, the resonance frequency is higher). In other words, for soft materials, the sensitivity is decreased with increasing the tip mass. In contrast, when the stiffness is increased, its effect on the shift of resonance frequency is increased, but the effect of tip mass on the resonance frequency is reduced. However, due to the closeness of resonance frequencies of different tip masses to each other in high stiffness region, the shift rate of resonance frequency and the sensitivity for greater tip mass is slightly higher. But, the difference of sensitivities due to the changes of tip mass in lower stiffness region is greater than higher stiffness region.
In overall, for soft materials, the lower tip mass gives the better image contrast and the effect of tip mass on the image contrast is more significant than stiff materials. For stiff materials, the greater tip mass gives better contrast but in comparison with soft materials, this effect is not considerable.





The effect of tip mass on the modal sensitivities of atomic force microscope cantilever to surface stiffness variations is studied. 
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